Sparse large scale control

With tools from linear algebra and an algebra of shift operators
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Problem with LQR
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Sparsity in my research

Normal LQR solution:
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Normal LQR solution:

My research:
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Shift operators

Backward shift: q
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Shift operators

Backward shift: g (y[0], ¥[1],y[2], ...) = (O, ¥[0], ¥[1], ¥[2], -..)
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Shift operators

Backward shift: g (y[0], ¥[1],y[2], ...) = (O, ¥[0], ¥[1], ¥[2], -..)

Forward shift: q(y[0], y[1],¥[2], ...) = (¥[1], ¥[2], --.)
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Shift operators

Backward shift: qy(k)=y(k—1)

Forward shift: qy(k) =y(k+1)
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Shift operator multiplication with scalar
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Shift operator multiplication with scalar

2q" (v[0], y[1], (2], ...) = (0,2y[0], 2y[1], 2y[2], ...)
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Shift operator addition
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Shift operator addition

(a"+a%) (v[0], y[1], ¥[2], --.) = (0, 2y[0], 2y[1], 2y[2], ...)
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Shift operator addition

(a"+a%) (v[0], y[1], ¥[2], --.) = (0, 2y[0], 2y[1], 2y[2], ...)

=q" (y[0, y[1], y[2], ) + a" (¥[O], y[1], y[2], --.)




Shift operator addition

(" +q) (y[0], y[1], y[2], ...) =
=q" (y[0], y[1], (2], ...) + q (¥[O], ¥[1], ¥[2], -..)




Shift operator multiplication
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Shift operator multiplication

q" (g (v[0], ¥[1], y[2], ...)) = (0,0, y[0], y[1], (2], ...)
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Shift operator multiplication

q-9=0q
q(q (y[0], ¥[1],¥[2],...)) = (v[2], )
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Shift operator multiplication

q9-9°#q" -q
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Shift operator multiplication

q9-9°#q" -q

q(q” (v[0],y[1], y[2],-..)) = (v[O], ¥[1], y[2], ...)
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Shift operator multiplication

q9-9°#q" -q

q(q” (v[0],y[1], y[2],-..)) = (v[O], ¥[1], y[2], ...)

q" (q(y[0],y[1],y[2],-..)) = (0, y[1], ¥[2],...)




Transportation Network
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Transportation Network

o0

x1(k 4+ 1) = x1(k) + u1(k — 1)
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Transportation Network

o0

x1(k 4+ 1) = x1(k) + u1(k — 1)

Xl(k) = Xl(k — 1) + ul(k — 2)
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Transportation Network

o0

Xl(k + 1) = Xl(k) + Ul(k — 1)
Xl(k) = Xl(k — 1) + ul(k — 2)

x1(k) = q*xa(k) + (g%)% u1(k)

Julia Adlercreutz Sparse large scale control



Transportation Network
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Transportation Network
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Linear Quadratic Regulator Problem

LQR Problem

min > x(k)T Qx(k) + u(k)" Ru(k)
u(0),u(1),... =0

Subject to System dynamics

Solution
u(k) = —Kx(k)
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LQR as Least squares

min x(k) " x(k
R IRCIED

Subject to (1 —g*)x = Mu+d
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LQR as Least squares

. 2
min X
u(0),u(1),... Ixllz2+

Subject to  [(1—g*)/ — M] m —d
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LQR as Least squares

- 2
min X
Jomin, [1x[l72+

Subject to  [(1—g*)/ — M] m —d

Closed form solution

* A *
M*MV = —M*wipit

U ~ Optimal control law
Winit ~ Initial conditions
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LDL factorisation

* N * .
M*MV = —M* wjp;t
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LDL factorisation

* N * .
M*MV = —M* wjp;t

LDI_* v = —M* Winit
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LDL factorisation

Xg Uy Ky Uq X3 i X% F X
O— .S, X b S0
2 —qg° 0 0
N—mMM=]|9 2 -9 0
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LDL factorisation
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LDL factorisation

Nred = Noo — Nog Npj* Nio
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My research:
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GRAPH THEORY
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Adjacency matrix
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Adjacency matrix
/ |
E H

Julia Adlercreutz Sparse large scale control



Adjacency matrix
/ |
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Adjacency matrix
/ |
E H

Julia Adlercreutz Sparse large scale control



Adjacency matrix
/ |
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Adjacency matrix
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Mapping
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Mapped graph

/\2
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Mapped graph
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Mapped graph
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Mapped graph
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Let G be an undirected graph. The following are equivalent

(i) G has no cycles longer than three
(i) F(G) is chordal.
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LDL factorisation PROBLEM
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Even cooler graph




